. We prove that the continuous CM (Castelnuovo-Mumford) regularity of a semihomogeneous vector bundle on an abelian variety X is a piecewise-constant function of its rational Chern data. We also use generic vanishing theory to obtain a sharp upper bound on the continuous CM regularity of any vector bundle on X. Equality in this bound is attained for certain semihomogeneous bundles, including many Verlinde bundles when X is a Jacobian.
I
If X is a smooth projective variety and O(1) is an ample and globally generated line bundle on X, the CM (Castelnuovo-Mumford) regularity of a coherent sheaf F with respect to O(1) is
This invariant is instrumental in measuring the homological complexity of the graded module H 0 * (F ) = ⊕ m H 0 (F (m)), and at the same time helps measure positivity, since F (m) is globally generated for all m ≥ reg(F , O (1)).
In light of Kollár's suggestion that the positivity of adjoint bundles should be controlled by intersections of Chern classes [Kol] we may ask the following: if E is a vector bundle on X, when does reg(ω X ⊗ E, O(1)) depend entirely on the Chern data of E, O(1) and X? The purpose of this note is to address this question when X is an abelian variety.
An example of the numerical nature of positivity on abelian varieties can be seen in [KL] , where it was shown that the N p property for an embedding of an abelian surface X is "almost numerical" in that when the degree of X is sufficiently large, the obstruction to the N p property is an elliptic curve of low degree on X .
A variant of CM regularity well-suited to sheaves on irregular varieties was introduced and studied in [Mus] . The continuous CM regularity of a coherent sheaf F with respect to O(1), which is denoted by reg cont (F , O(1)), is equal to reg(F ⊗ α, O(1)) for general α ∈ X; see Section 1.1 for details. A related notion, that of continuous rank, has recently been studied in [BPS] . We will study continuous CM regularity for the simplest interesting class of bundles on abelian varieties.
Semihomogeneous bundles were first studied by Mukai in [Mu1] and are precisely the vector bundles on an abelian variety which admit an Atiyah-type classification; they include all line bundles on abelian varieties, as well as all indecomposable vector bundles on elliptic curves. Among their many pleasant properties is that the Chern classes of a semihomogeneous bundle E of rank r all depend on c 1 (E)/r (e.g. Theorem 5.12 of [Y] ). Our first main result establishes that continuous CM regularity is a numerical property for semihomogeneous vector bundles.
Theorem A. Let X be an abelian variety, and let η = c 1 (O(1) ). Then there exists a piecewiseconstant function ρ η : N 1 R (X) → Z satisfying the property that for any semihomogeneous bundle E of rank r on X, we have reg cont (E, O(1)) = ρ η (c 1 (E)/r).
1
It is important to note that we cannot replace reg cont (E, O(1)) by reg(E, O(1)) in this statement (see Remark 1.6). In addition, the function ρ η is almost completely determined by continuous CMregularity, as every rational point in N 1 R (X) is of the form c 1 (E)/r for some positive integer r and some semihomogeneous bundle E of rank r on X (Proposition 6.22 of [Mu1] ). Since the surjectivity of certain multiplication maps is an important consequence of CM-regularity, we should mention the numerical criterion for the surjectivity of multiplication maps associated to semihomogeneous bundles given in Theorem 6.13 of [PP3] .
The proof of Theorem A, which is given in Section 2.1, has two main steps. First we reduce to the case where E is simple; although simple semihomogeneous bundles are widely known to be the building blocks of general semihomogeneous bundles [Mu1] this reduction is far from immediate, and is accomplished by Propositions 2.1 and 2.2. One crucial observation we rely on here is Proposition 6.3 of [Gul] (restated here as Proposition 1.14) which says that a simple semihomogeneous bundle is a WIT-sheaf, and is an IT-sheaf when it is nondegenerate. The next step is to define the function ρ η and show that reg cont (E, O(1)) = ρ η (c 1 (E)/r) when E is simple and semihomogeneous. To this end we use the index function for nondegenerate elements of N 1 R (X), which was studied by Grieve in [Gr] . While the definition of ρ η is a bit involved, its complexity is governed by the chamber structure on N 1 R (X) coming from the index function. It is natural to consider how the continuous CM-regularity of semihomogeneous bundles on X compares to that of general vector bundles. Our second main result implies that when the first Chern class of a semihomogeneous bundle is proportional to c 1 (O(1)), its continuous CM-regularity is extremal.
Theorem B. If X is an abelian variety of dimension g ≥ 1 and E is a vector bundle on X,
and equality is attained if E is semihomogeneous and c 1 (E) ∈ Qc 1 (O(1)).
The proof makes essential use of the tensorial properties of GV-sheaves developed in [PP3] , and is contained in Section 2.2; see Proposition 2.9 for a precise description of the case of equality in (0.1).
Returning to positivity considerations, Theorem 4.1 of loc. cit. says that every GV-sheaf on an abelian variety is nef, and it is therefore natural to ask which GV-sheaves have minimal positivity. The next result helps quantify this in terms of continuous CM-regularity. In spite of the superficial similarity to Theorem B, the first Chern classes of the semihomogeneous bundles attaining equality are not assumed proportional to c 1 (O(1) ).
Proposition C. In the setting of Theorem B, if the vector bundle E is a GV-sheaf, then
and equality is attained if E is semihomogeneous and c 1 (E ∨ (1)) is ample.
If the GV hypothesis on E is strengthened slightly, we get a correspondingly stronger statement (Proposition 2.11).
When X is a Jacobian, Theorem 1 of [O] implies that the Verlinde bundle E r,k for a rank-level pair (r, k) with gcd(r, k) odd is semihomogeneous and ample, and is therefore a semihomogeneous GV-sheaf by Proposition 2.7. In Section 3 we calculate the continuous CM regularity of such an E r,k with respect to a pluri-theta polarization; this attains equality in (0.2) when k/r is not too large (Proposition 3.2).
In the last part of our paper (Section 4) we study the continuous CM-regularity of vector bundles on products of non-isogenous abelian varieties, and provide an explicit formula in the case of two non-isogenous elliptic curves.
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Notation and conventions.
We work over the complex numbers. Throughout, X is a smooth projective variety and O(1) is an ample and globally generated line bundle on X .
1. P 1.1. Positivity of Sheaves on Irregular Varieties. We begin by introducing an object central to the study of coherent sheaves on irregular varieties. Definition 1.1. If F is a coherent sheaf on X and i ≥ 0, the i−th cohomological support locus of F is
The following notion first appeared in [PP1] , and was shown to imply ampleness in [De] , solidifying the connection between the loci V i (F ) and the positivity of F .
Much of the power of M−regularity comes from [PP1, Proposition 2.13], which says that M−regular sheaves satisfy the following property. Definition 1.3. F is continuously globally generated if there is a nonempty Zariski-open subset U ⊆ Pic 0 (X) such that the evaluation map
The next definition is slightly weaker than M−regularity, and yet plays a more important role in this paper; it was studied systematically in [PP2, PP3] .
The main theorem of [GL] implies ω X is a GV-sheaf when X is of maximal Albanese dimension. The ampleness of M−regular sheaves was later used in [PP3] to prove that GV-sheaves on abelian varieties are all nef.
Continuous CM-regularity is a notion inspired by [PP1] and is adapted to coherent sheaves on irregular varieties in that it links homological complexity to cohomological support loci. For its basic properties we refer the reader to [Mus] . (1)). To see that strict inequality is possible, observe that reg(O(1), O(1)) = g and reg cont (O(1), O(1)) = g − 1.
1.2. IT-and WIT-sheaves. We will assume for the rest of the paper that X is an abelian variety.
In the next definition, P is the normalized Poincaré bundle on X × X and p, p are the projections from X × X to X and X, respectively. Definition 1.7. F is a WIT-sheaf if R i p * (p * F ⊗ P) 0 for at most one i ∈ {0, · · · , g}. If F is a WIT-sheaf and R j p * (p * F ⊗ P) = 0 for all j i we say that i is the index of F ; this is denoted by ι(F ).
The following lemma is important for the proof of Theorem A.
is the unshifted Fourier transform of F , then by our hypothesis and Proposition 14.7.7 of [BL] we have rank(
Since a nonzero IT-sheaf F is a WIT-sheaf, we may speak of its index ι(F ), which is the unique i for which V i (F ) ∅. Note that any IT-sheaf of index 0 is M−regular (and in particular, a GV-sheaf).
The following result will be used in the proofs of Theorem B and Corollary C.
Proposition 1.10. [PP3, Proposition 3.1] If X is an abelian variety, F is a GV-sheaf on X, and H is a locally free sheaf on X which is I.T. of index 0, then F ⊗ H is I.T. of index 0.
1.3. Semihomogeneous Bundles. Semihomogeneous vector bundles are important building blocks of coherent sheaves generalizing line bundles and indecomposable vector bundles on elliptic curves at the same time. Here we summarize the information we will need about them. Definition 1.11. A vector bundle E on X is semihomogeneous if for all x ∈ X there exists α ∈ X such that t * x E E ⊗ α. Proposition 1.12. Let E be a semihomogeneous bundle on X . Then there exist simple semihomogeneous bundles E 1 , · · · E s and indecomposable unipotent bundles 
The following statement is Proposition 6.2 of [Gul] . Since we will be referring to different parts of it throughout different proofs, we list it here for reference; see loc. cit. for the proof. Proposition 1.14. If E is a simple semihomogeneous bundle on X, the following properties hold:
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2.1. Proof of Theorem A. Here we establish the central result of the paper saying that continuous regularity is a numerical property for semihomogeneous vector bundles. We begin with a reduction step to the case of simple bundles.
Proposition 2.1. Let E be a simple semihomogeneous bundle on X and let U be a unipotent bundle on X. Then for all i ≥ 0 we have that V i (E) = X if and only if V i (E ⊗ U) = X .
Proof.
We proceed by induction on r := rank(U). The case r = 1 is immediate. If r ≥ 2, then U can be expressed as an extension
where U ′ is a unipotent bundle of rank r − 1 on X . Fixing i ≥ 0 we have
Since E is a WIT-sheaf by (i) of Proposition 1.14 we have from Lemma 1.8 that χ(E) 0; consequently E is IT of index i by (ii) of Proposition 1.14. In particular, V i−1 (E) = ∅, so by our inductive hypothesis
2) and our inductive hypothesis imply that
Our next result shows how to relate the continous CM-regularity of a semihomogeneous bundle to essentially that of a direct summand. Proposition 2.2. Let E be a semihomogeneous bundle on X and let E ′ ⊗ U be an indecomposable direct summand of E, where E ′ is simple semihomogeneous and U is unipotent. Then the following hold:
Proof. Consider the decomposition E ⊕ s j=1 E j ⊗ U j guaranteed by Proposition 1.12. Without loss of generality we may take E ′ = E 1 . By Propositions 6.9 and 6.15 of [Mu1] we have for 1 ≤ j ≤ s that
so that (i) is proved. Turning to (ii), we have for all i > 0 and all m ∈ Z that (2.4)
By (2.3) and Proposition 6.17 of [Mu1] we have that for 1 ≤ j ≤ s there exists α j ∈ X such that E 1 E j ⊗ α j . It follows that the V i (E j (m − i)) are all translates of V i (E 1 (m − i)), and we may conclude from (2.4) and Proposition 2.1 that for all i > 0 we have V i (E(m − i)) X if and only if
We now turn to the other main component of the proof of Theorem A, namely the index function studied in [Gr] .
Definition-Proposition 2.3. If
there is a unique function ι : U → {0, · · · , g} which satisfies the following properties:
(ii) For any simple semihomogeneous bundle E of rank r ≥ 1 on X which is nondegenerate, we have that ι(c 1 (E)/r) is the index of E.
Proof. Recall that for any nondegenerate line bundle L on X, the index of L depends only on c 1 (L), so that we may speak of the index of any element of N 1 Z (X). By Corollary 4.2 of [Gr] , there exists a function ι : U → {0, · · · , g} which is constant on each connected component of U (therefore satisfying (i)) and has the property for all η ∈ N 1 Q (X) and a ∈ N satisfying aη ∈ N 1 Z (X), we have ι(η) is the index of aη.
Let E be a simple semihomogeneous bundle on X which is nondegenerate. Then by Proposition 1.14 we have that E is an IT-sheaf and ι(c 1 (E)/r) is equal to the index of det E, which in turn is the index of E. Proposition 2.4. Let η ∈ N 1 R (X) be an ample class. Then the function ρ η :
is well-defined. Moreover, it is locally constant on each connected component of the set
which is open and dense in N 1 R (X) with respect to the classical topology. Proof. To show that ρ η is well-defined it is enough to check that for all γ ∈ N 1 R (X) the set of integers on the right-hand side of (2.5) is nonempty and bounded from below. Let γ ∈ N 1 R (X) be given. Since η is ample, we have that for m >> 0 the class γ + (m − i)η is ample for each i ∈ {1, · · · , g} and therefore nondegenerate of index 0; this proves nonemptiness. Also, for m ′ >> 0 we have that −γ + (m ′ + g)η is ample, so that γ + (−m ′ − g)η is nondegenerate of index g; this proves boundedness from below. Thus ρ η is well-defined as claimed.
Since N 1 R (X) − U η is the union of all translates of the real-algebraic hypersurface {γ ∈ N 1 R (X) : γ ·g = 0} by integer multiples of η, its complement U η is open and dense in N 1 R (X) with respect to the classical topology.
Let γ ∈ U η be given, and fix a norm |·| on N 1 R (X). By (i) of Definition-Proposition 2.3 there exists ε > 0 such that for all γ ′ ∈ N 1 R (X) satisfying |γ − γ ′ | < ε we have that γ ′ ∈ U η and
We may conclude that ρ η (γ) = ρ η (γ ′ ) whenever |γ − γ ′ | < min{ε, ε ′ }, e.g. that ρ η is constant on an open neighborhood of γ in U η . It follows that ρ η is constant on the connected component of U η which contains γ.
The following result concludes the proof of Theorem A.
Proposition 2.5. If E is a semihomogeneous bundle of rank r ≥ 1 on X and η = c 1 (O(1) ) then reg cont (E, O(1)) = ρ η (c 1 (E)/r).
Proof. By Proposition 2.2 we may assume without loss of generality that E is simple; in particular, E(t) is simple for all t ∈ Z. For each m ≥ reg cont (E, O (1)) and i ∈ {1, · · · , g} we have from Proposition 1.14 that if E(m − i) is nondegenerate, then
By Lemma 1.8 and Proposition 1.14, it follows that E(ρ η (c 1 (E)/r) − i ′ ) is nondegenerate and IT of index i ′ , which is impossible.
2.2. Proofs of Theorem B and Proposition C. Our first task is to establish that most reasonable positivity conditions coincide for semihomogeneous vector bundles. While the results are almost certainly known to experts, we include their proofs for the sake of completeness. Proposition 2.6. Let E be a semihomogeneous vector bundle on X . Then the following are equivalent:
Proof. For (i)⇒(ii), assume that V 0 (E) = X . Since E is semihomogeneous and the property of being I.T. of index 0 is preserved under extension, we can assume by Propositions 1.12 and 2.1 that E is simple. Then E is a WIT-sheaf by (i) of Proposition 1.14, and combining (ii) of the latter with Lemma 1.8 and our assumption on V 0 (E) shows that E is I.T. of index 0. The statement (ii)⇒(i) is immediate, so we have just shown the equivalence (i)⇔(ii). The implication (ii) ⇒ (iii) is immediate from the definitions, and (iii) ⇒ (iv) follows from [PP1, Proposition 2.13], whereas (iv) ⇒(v) follows from Proposition 3.1 of [De] . Also, (v)⇒(vi) holds since determinants of ample bundles are ample.
It remains to verify (vi)⇒(i), or equivalently (vi)⇒(ii). Assume det(E) is ample. By Proposition 1.12 and (i) of Proposition 2.2, det(E) is a tensor product of determinants of simple semihomogeneous bundles whose first Chern classes are positive rational multiples of one another; in particular these determinants are all ample. Since being I.T. of index 0 is preserved under extension, we can assume by Proposition 1.12 that E is simple. Then E is a WIT-sheaf of index 0 by (i) of Proposition 1.14 and the ampleness of det(E). Since ample line bundles on abelian varieties are nondegenerate, we have from (ii) and (iii) of Proposition 1.14 that E is I.T. of index 0 as desired. Proposition 2.7. Let E be a semihomogeneous vector bundle on X . Then the following are equivalent:
Proof. The implication (i) ⇒ (ii) follows from Theorem 4.1 of [PP3] , and the equivalence (ii) ⇔ (iii) follows from Proposition 6.2 of [Gul] . Arguing as in the proof of Proposition 2.6, we can assume without loss of generality that E is simple. For an isogeny p : Z → X and a line bundle L on Z there is an isomorphism E p * L. It follows from the projection formula that the dual
for all i; therefore E is a GV-sheaf if and only if L is a GV-sheaf. We have that
In particular, p * det(E) det(p * E) is numerically equivalent to a positive tensor power of L, and since det(E) is nef, the same is true of L. By Corollary C of [PP2] any nef line bundle on an abelian variety is a GV-sheaf; consequently L is a GV-sheaf, and therefore so is E.
We now take up the proof of Theorem B in earnest. Before investigating the continuous CM regularity of general vector bundles on X, we will use Theorem A to compute the continuous CMregularity of semihomogeneous bundles whose first Chern class is proportional to that of O(1). Note that the following result completely describes the continuous CM regularity of semihomogeneous bundles when X has Picard number 1.
Proposition 2.8. If E is a semihomogeneous bundle on
Proof. The second equality in (2.9) is an immediate consequence of Proposition 2.7; it therefore suffices to verify the first equality. Since c 1 (E) ∈ Qc 1 (O(1)) we have for all m ∈ Z that E(m − g) is either of I.T. of index 0, has numerically trivial determinant, or is I.T. of index g. Sheaves of the latter type are not GV-sheaves, so applying Proposition 2.7 once more, we see that E(m − g) is nef if and only if one of the first two possibilities holds. The first equality in (2.9) then follows from Theorem A.
Together with Proposition 2.8, the next result concludes the proof of Theorem B.
Proposition 2.9. Let X be an abelian variety of dimension g ≥ 1 and let E be a vector bundle on X . Then we have that
with equality if and only if
Proof. To see that the right-hand side exists and is finite, observe that by effective Serre vanishing (?), we have for m, m ′ >> 0 and all α ∈ X that E ∨ (m+g)⊗α is globally generated and E(m ′ −g)⊗α is globally generated with no higher cohomology. For all such m and m ′ we have that
is not a GV-sheaf) and V i (E(m ′ − g)) = X if and only if i = 0 (so that E(m ′ − g) is IT of index 0, hence a GV-sheaf). If m ∈ Z satisfies the property that E(m − g) is a GV-sheaf, then it follows from Proposition 3.1 of [PP3] that E(m − i) is I.T. of index 0 for 1 ≤ i ≤ g − 1. We have at once that V i (E(m − i)) X for all i > 0; this proves (2.10). We have equality in (2.10) if and only if V i (E(m E − 1 − i)) = X for some i > 0. Again using Proposition 3.1 of [PP3] , we have that V i (E(m E − 1 − i)) = ∅ for 1 ≤ i ≤ g − 1, so our condition is equivalent to V g (E(m E − g − 1)) = X; by Serre duality it is in turn equivalent to
Remark 2.10. Since semihomogeneous bundles are Gieseker-semistable with respect to any polarization, it would be interesting in light of Theorem A and Proposition 2.9 to find a sharp numerical upper bound on reg cont (E, O (1)) when E is a vector bundle which is Gieseker-semistable with respect to O(1).
Proof of Proposition C:
If E is a vector bundle on X which is a GV-sheaf, it is immediate that m E ≤ g; together with Proposition 2.9, this proves (0.2). Assume now that E is semihomogeneous and c 1 (E ∨ (1)) is ample. By Proposition 2.6 we have that V 0 (E ∨ (1)) = X, or equivalently V g (E(−1)) = X; it follows that reg cont (E, O(1)) ≥ g. Therefore reg cont (E, O(1)) = g as desired.
We end this section by showing that the conclusion of Proposition C can be strengthened if our vector bundles are taken to be M−regular.
Proposition 2.11. Let X be an abelian variety of dimension g ≥ 2, let O(1) be an ample and globally generated line bundle on X, and let F be a coherent sheaf on X which is M-regular. Then we have the following:
(ii) If F is locally free and F ∨ (1) is continuously globally generated, then
Proof. We first establish (i). Let α ∈ X be given.
Given that F is M-regular, Proposition 1.10 implies that F (g − i) ⊗ α is I.T. of index 0 for 1 ≤ i ≤ g − 1. Also, the M-regularity of F implies that the cohomological support locus
Turning to (ii), it is enough by (i) to show that reg cont (F , O(1)) = g; we will be done once we verify that V g (F (−1)) = X . By our hypothesis on F ∨ (1), Proposition 3.1 of [De] implies that there exists an abelian variety Y of dimension g and an isogeny π : Y → X such that π * (F ∨ (1) ⊗ α) is globally generated for all α ∈ X . In particular, we have that (2.11)
for all α ∈ X . Since ker(π * ) is finite and the cohomological support loci of coherent sheaves on X are algebraic subsets of X, there exists ξ ′ ∈ ker(π * ) such that (2.12)
Remark 2.12. The M−regularity of F in Proposition 2.11 cannot be weakened to the property of being a GV-sheaf, since reg(O, O(1)) = g + 1.
V B
In this section we apply our results to the Verlinde bundles, which were introduced in [Po] and studied in [O] . Throughout, X is the Jacobian of a smooth projective curve C of genus g ≥ 1 and Θ is a symmetric theta-divisor on X . Definition 3.1. Given a pair (r, k) of positive integers, the Verlinde bundle associated to (r, k) is
where det : U C (r, 0) → X = X is the determinant map associated to the moduli space U C (r, 0) of semistable bundles of rank r and degree 0 on C, and Θ is the generalized theta-divisor on U C (r, 0) associated to a theta-characteristic of C. Since a g−1 b > 0 we have from Proposition 2.6 that W a,b is ample. Theorem 1 of [O] implies that E r,k is a direct sum of bundles of the form W a,b ⊗ η, where η is a torsion element of X; in particular E r,k is ample as claimed. We then have from Propositions 2.2 and 2.8 that The next statement follows at once from (3.2), Proposition 2.6, and (i) of Proposition 2.11.
Corollary 3.3. In the setting of Proposition 3.2, we have that
In particular reg(E r,k , O(sΘ)) = g for k < r s.
P
We end the paper by applying our results to products of abelian varieties. Proof. Let x = (x 1 , · · · , x m ) ∈ X be given, and for i = 1, . . ., m let α i ∈ A i satisfy t * x i F i α i ⊗ F i . If p i : X → A i is projection onto the i th factor, then we have 
